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Abstract. Let H (2)
n denote the second-order harmonic number 0<k n 1/k 2 for n = 0, 1, 2, . . . . In this paper we obtain the following new identity:
We explain how we found the series and develop related congruences involving Bernoulli or Euler numbers, e.g., it is shown that for each prime p > 3.
Introduction
Series with summations related to π have a long history. Leibniz and Euler got the famous identities respectively. Though there exist many series for π and π 2 (see, e.g., R. Matsumoto [Ma] ), there are very few interesting series for π 3 . The only well-known series for π 3 is the following one:
The author [Su2] suggested that and a readable WZ proof of (1.2) can be found in [HP] .
Recall that harmonic numbers are those rational numbers 
n := 0<k n 1 k 2 (n = 0, 1, 2, . . . ).
Now we give our first result which appears to be new and curious. Note also that H
n → ζ(2) = π 2 /6 as n → ∞. Therefore
So the series in (1.3) converges much faster than the series in (1.1) (but slower than the series in (1.2)). Using Mathematica 7 we found that for n 500 we have s n π 3 /48
where
The reader may wonder how the author discovered (1.3) which gives a series for π 3 of a new type. Now we present some explanations. Let p be an odd prime. In [Su3] and [Su4] the author proved the congruences
respectively, where E 0 , E 1 , E 2 , . . . are Euler numbers given by E 0 = 1 and the recursion n k=0 2|k n k E n−k = 0 (n = 1, 2, 3, . . . ).
For k = 0, . . . , p − 1, clearly we have
So, in view of (1.4) and (1.5), it is natural to investigate
This led the author to obtain the following result.
Theorem 1.2. Let p > 3 be a prime. Then
(1.6) Remark 1.2. Let p be an odd prime. We are also able to show that [L] proved the congruence
In view of certain correspondence between series for the zeta function or powers of π and congruences involving Bernoulli or Euler numbers revealed in the authors' papers [Su2] and [Su3] , the congruence (1.6) suggests that we should consider the series
k . Since this series divergences, we should seek for certain transformation. Let p be an odd prime. It is easy to see
(Cf. [Su2, Lemma 2.1] and [T] .) Thus, if p > 3 then
k−1 (mod p). Therefore the congruence in (1.6) is equivalent to
Motivated by (1.6 ′ ) the author found (1.3).
Now we state our third theorem which is close to Theorem 1.2. 
We also have In 1997 T. Amdeberhan and D. Zeilberger [AZ] obtained that
We are able to establish the following result related to the Amdeberhan-Zeilberger series.
Theorem 1.4. Let p > 3 be a prime. Then
and hence
for any odd prime p. However, (1.14) is much more sophisticated than this congruence involving B p−3 .
The next section is devoted to the proof of Theorem 1.1. We are going to show Theorems 1.2-1.3 and Theorem 1.4 in Sections 3 and 4 respectively. Section 5 contains some conjectures of the author for further research.
Proof of Theorem 1.1
Recall the well-known fact that
So we have
Observe that if 0 t 1 then
where the dilogarithm Li 2 (x) is given by
Thus, using integration by parts we obtain
Finally, inputting the Mathematica command
we then obtain from Mathematica 7 that
Thus S = π 3 /48 as desired. We are done.
Proofs of Theorems 1.2 and 1.3
We first state some basic facts which will be used very often. For any prime p > 3 we have
For any n = 0, 1, 2, . . . we have the identity
which can be found in [G, (1.5) ].
Lemma 3.1. For any positive integer n, we have the identities
Proof. (3.3) and (3.4) follow from [G, (1.45) ] and an identity of V. Hernández [He] respectively. Below we give a simple proof of (3.4). In view of the binomial inversion formula (cf. (5.48) of [GKP, ), (3.4) holds for all n = 1, 2, 3, . . . if and only if for any positive integer n we have
In fact, in view of (3.2) and (3.3), we get
Lemma 3.2. Let p = 2n + 1 be an odd prime and let m be an integer with
In particular,
Proof. Clearly it suffices to prove (3.5).
In view of (3.4), we have
So, with the help of (3.1) we obtain
This proves (3.5). We are done.
Lemma 3.3. Let n be any positive integer. Then
Proof. Let S n denote the left-hand side of (3.7). Observe that
This completes the proof of (3.7).
Lemma 3.4. Let p > 3 be a prime. Then
Remark 3.1. (3.8) is a famous congruence of Morley [Mo] .
Lemma 3.5. Let p > 3 be a prime. Then
and
Proof. Set n = (p − 1)/2. Clearly it suffices to show that
(3.12) Let δ ∈ {0, 1}. For r = 0, . . . , p − 1 we obviously have
(3.13) Putting δ = 0 in (3.13) and recalling (3.2) and the congruence
With helps of (1.9) and (3.8), we have
which yields (3.11). Taking δ = 1 in (3.13) and using the congruence
Let's recall (1.9) and note that
by Lehmer [L, (20) ] and [S2, Corollary 3.3] respectively. Therefore,
and hence (3.12) holds. We are done.
Lemma 3.6. Let p be an odd prime. Then
Note that
by [S2, Corollary 3.1] . Therefore
and hence (3.15) follows. When p > 3 we can prove (3.16) in a similar way.
Proof of Theorem 1.2. Set n = (p − 1)/2. In view of (3.1) and (3.6), it suffices to show n k=1 n k
For each k = 1, . . . , n, evidently
Thus, in light of (3.7), (3.15) and (3.9), we have
as desired. This concludes the proof.
Lemma 3.7. Let p > 3 be a prime. Then n k
(3.19)
Remark 3.3. (3.19) can be found in [G, (1.43) ].
Proof of Theorem 1.3. Observe that
Applying (3.2) we get
Now assume p > 3. Note that
≡ 1 (mod p 3 ) by Wolstenholme's theorem (see, e.g., [HT] ). As
, by the above we have
So (1.11) holds. Below we write p = 2n + 1. Combining (3.1), (3.4 ′ ) and (1.9), we get
This proves (1.12).
In view of (3.4) and (3.19), we have
Observe that
Now applying Lemma 3.7 we immediately get the desired (1.13). The proof of Theorem 1.3 is now complete.
Proof of Theorem 1.4
Lemma 4.1. For any positive integer n, we have the following identities:
Remark 4.1. (4.1) and (4.2) can be found in [OS] and [Pr] .
Lemma 4.2. Let p = 2n + 1 be an odd prime. Then
(4.4)
In particular, n k
Proof. Observe that
This proves (4.3). Similarly,
and hence (4.4) holds. Clearly (4.5) follows from (4.3) and (4.4). We are done. 
Remark 4.3. In Feb. 2010, the author conjectured that t n is always an integer and later this was confirmed by Kasper Andersen by getting t n = t ′ n via the Zeilberger algorithm (cf. [Su3, Lemma 4.1] ). Now we are ready to prove the following auxiliary result.
Theorem 4.1. Let p > 3 be a prime. Then
Proof. Set n = (p − 1)/2. In view of (4.5), (4.1) implies (4.8), and (4.2) yields that
by applying (3.14) in the last step. Now it is clear that (4.9) holds. Now we deduce (4.10). With helps of (3.4) and the Chu-Vandermonde identity, we get
Thus, by applying (4.5) we obtain (4.10) from (4.9). Since
2k (mod p),
Thus (4.9) implies that
(4.12)
Observe that This proves (4.11). So far we have completed the proof of Theorem 4.1. So we can obtain (4.16) by using (4.12)-(4.15). Now we deduce (1.15). Combining (1.14) and (1.16) we get 
Some related conjectures
We first raise the following conjecture similar to (1.6).
